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Abstract. The positronium formation cross-sections in the ground and excited n = 2 levels have been
studied in an e™-He atom collision in the framework of eikonal approximation. Both the differential and
total formation cross-sections have been investigated in the intermediate- and high-energy regime. Present
eikonal results are found to differ appreciably from the corresponding first Born values even at very high
incident energies. The total cross-section results have been compared with available experiments due to
different groups as well as with other existing theoretical results.

PACS. 34.70.+e Charge transfer

1 Introduction

The study on the properties and production of positron-
ium atom (Ps) leads one to an understanding of the valid-
ity of quantum electrodynamics [1]. Moreover such inves-
tigations provide us with fresh ideas about chemical reac-
tions in which the active positive particle is of very small
mass [2]. Another important stimulus to such investiga-
tions has come from the attempts made to understand the
detected features of the spectrum of the electron positron
annihilation radiation observed to be coming from the di-
rection of the galactic centre and also from solar flares [3].

Due to the availability of more intense positron beams
and sophisticated detectors, direct measurements of posi-
tronium (Ps) formation in positron-atom collisions have
now become feasible. This, in turn, has stimulated the
theoretical workers to study the Ps formation due to
capture of an atomic electron by an incident positron
beam from a neutral atomic target. Positronium formation
cross-sections have recently been measured by a number
of experimental workers [4-10] over a wide range of inci-
dent positron energies particularly for the neutral helium
atom which is considered to be one of the most experi-
mentally preferred targets. However, the experimental re-
sults of different groups do not agree satisfactorily over
the entire energy range. As for the theoretical situation, a
number of theoretical models have been proposed by dif-
ferent groups [11-24] for the calculation of Ps formation
in a positron-helium atom collision for different ranges of
incident e™ energy. However the general agreement with
the corresponding measurements is not very satisfactory,
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particularly in the intermediate- and high-energy domain.
This gives added incentive to further theoretical investi-
gation of the Ps formation from a helium atom specially
for that energy region.

In the present work we study the differential as well
as total Ps formation cross-sections for capture to ground
and excited states (2s, 2p) in a e*-He collision at interme-
diate and high incident energies. The present calculations
have been performed in the framework of eikonal approx-
imation that takes account of higher-order effects which
is essential for a rearrangement process especially at high
incident energies where first Born approximation is not
adequate.

Since the experimental results for Ps formation include
the contributions from all energetically allowed states, the-
oretical cross-section data for capture to excited states are
highly needed in order to make a meaningful comparison
with the experiments. Expecting that the major contribu-
tion to excited state capture comes from the n = 2 level,
the main emphasis is given on the calculation of Ps for-
mation to the ground and excited n = 2 level only, in the
present work. Further, assuming that the formation cross-
section falls off as n =3, the present calculation aslo allows
the prediction of an estimate of the total Ps formation
cross-sections at intermediate and high incident energies.

2 Theory

The expressions for the post and the prior form of the

amplitude for Ps formation in the process e™ + He —

(ete)(1s 4 2s 4 2p) + He™ (1s) are given as
TR = (B |Ve o)
T = (@ Vi),

(1a)
(1b)
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where V; and V; are the perturbations in the initial and
final channels, respectively. In the present work we have
chosen the post form (1la) since, for such rearrangement
processes the post form of the amplitude might be more
appropriate than the prior form [25,26].

In the framework of eikonal approximation the expres-
sion for T takes the form

Ty = —l;—;; exp(—iks - S) exp(—Aps|r1 — ra|)
Z Z 1 1
x| = -2 - — 4 —
Ty Ty Ti3  T23

X expl(—Age+ )73]PHe (12, r3) exp(ik; - r1)
x(riz — 212) " (ry — 21)" x dridradrs,  (2)

where r; and ry, rs are, respectively, the position vec-
tors of the incident positron (1) and the two bound elec-
trons (2, 3) from the target nucleus which is taken to be
infinitely heavy and at rest, S is the position vector of the
centre of mass of the Ps atom with S = |r; + ry| and
N = %, v being the velocity of the incident positron. k;
and ki are the initial and final momenta and pu¢ is the
three-body reduced mass in the final channel. In equa-
tion (2) Aps(= 1/2n) and Age+ (= 2) are the bound-state
parameters (in atomic units) for the Ps atom and He™
ion, respectively. We have used atomic unit throughout
our work. In constructing the initial channel wave function
%" in equation (1) an assumption is made (for the sake
of simplicity) that the incident positron is distorted only
by the active electron (2) to be captured, while the role
of the passive electron (3) is only to screen the positively
charged nucleus by its negative charge cloud, thereby re-
ducing the four-body problem to a three-body one in the
final channel. This approximation should be legitimate for
intermediate and high incident positron energies.

We now use the following contour integral [27] repre-
sentations for the eikonal phase terms occurring in equa-
tion (2)
yi(in—n) _ (_1)n+1

2i sin(Fmin) [ (Fin £ n)
X /(—)\)Imi”_1 exp(—Ay)dA, 3)

c

where the contour ¢ has branch cut from 0 to co. To obtain
this, use has been made of the contour integral represen-
tation of the complex I" function [27].

Thus, in view of equations (2) and (3), the expression
for the amplitude Ti¢ can now be written as (apart from
some constants)

Tis = /////GXP —iky - S) exp(—Aps|r1 — r2|)

13

X exp[(—Age+ )73 Pre (2, r3) exp(ik; - r1)p1 (A1, 11)

ng()\g,rlg) X drldrgdrgd)\ld)\g (4&)
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where,

p1(A1, 1) = exp(—Ai|r1 — z1]) (=) "

and

p2(A2,T12) = exp(—Aa|riz — 2z12|)(—X2) L, (4b)

z1 and z12 are the z components of the respective vectors
r; and rio, the z-axis being taken along the incident mo-
mentum direction k;. The bound-state wave function of
the He atom is chosen to be the uncorrelated Hylleraas

type:

@He(l‘g,l‘3> = Ni exp(—)\irg) exp(—)\irg) 5 (5)
where the screened parameter \; = 1.6875.

Substituting equation (4b) in (4a) we first perform
the space integration over rs analytically using standard
Fourier transform technique so that all the four terms in
equation (4a) become functions of r1 and ry vectors only.
The ry, ro integrations are then carried out easily by using
the same Fourier transform technique. The final result of
the space integrations over rq, ro and r3 in equation (4a)
can be generated by suitable parametric differentiations
from a basic integral of the type

IO_/ / dAida (A1) (=)t

<[ dda (6)
(+2)(la— @] +p3)(Jla — q2|> + p3)

The q integral in equation (6) has been performed analyt-
ically by Lewis [28] to obtain

JO _ 7.(.2 " ,8/ + (/6'/2 _ Oé/’y/)‘| (7)
Vol EEv ezl
with

B = Nlar — q2l® + (p1 + p2)?] + p2 (X + ¢ + )
(A2 + g3 + p3)

and

o'y = (a1 — q2)? + (1 + p2) 3@ + (1 + N7
x[q3 + (p2 + N)?], (8)

where o/, ' and 4’ are functions of the momenta (k;, k¢)
and bound-state parameters (Aps, Age+, Ai) as well as of
the integration variables A1 and As.

Instead of using this analytic form of Jy which contains
a logarithmic branch cut we use the following contour-
integral representation as first suggested by Sinha and

Sil [29],
o dz
= 972 -
Jo T /0 o/z2 + 268z + " (9)

where the product o/’ has been split in such a manner
that both o and «' are individual linear functions of the
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integration variables A\; and As. By virtue of this choice we
can perform A; and A integrations analytically. In view
of equation (6) and equation (9) we arrive at the following
type of integral:

7 17],—1(_)\2)1'7];—1
0_/ /C1 o A+B/\1+C/\2+D>\1/\2)

dz d)\ld)\g, (10)

where the contour ¢y, ¢ refer to the same as that in equa-
tion (3a). In equation (10), A, B, C and D are functions
of the ki, k¢, A, Af, Aps and the integration variable x.
Now in order to perform the A\; and A integrations ana-
lytically, we recast equation (10) in the following manner:

I /OO // pl )\1 p2()\2)
0 A C1 C2

1+Oé)\1 1+/6')\2)( )
where

dz d)\ld)\g, (lla)

(v —af) A e

a=B/A, 3=C/A, v=D/A, z= 1+ ar) (1 + Bra)

and

pl(Al) = (—)\1)7“%71 p2()\2) — (_)\2)1'7%71 .

For the evaluation of the integral (1la) we first assume
that z is a very small quantity, although this restriction
will be relaxed afterwards. Using the binomial expression
of (1 + 2)~! in equation (11a), we obtain

*1
Io—/ Z//pl)\lp2)\2

(—1)"(y — aB)"\PAZ
1+ oz)\l)”“(l + Bhg)n L

(11b)

d)\ld)\gdit (12)

Now if the integrated expression of Iy becomes an ana-
lytic function of z (which happens to the case here, as
may be noted below) the above binomial expression in
equation (12) will be valid for all values of z by virtue of
analytic continuation.

The A; and Ay integrations in equation (12) are now
separable and each term of the series can be integrated
by the residue calculation method. The nth-order term
of the series contains a pole of (n + 1)th order and thus
involves a nth-order differentiation in the residue calcu-
lation method. To show how the A\; or A integration is
performed analytically, let us first consider the following
basic integral:

I_ / p1(M)
c (1 + Ot)\l)
Now in equation (13) it is noted that the modulus of the
function f is of the order of 1/|\1]? as [A\1]| — oo, i.e.

d\ = /f(M)d)q (say). (13)

|F(A1)| o< 1/|A1]? as [Ar] — o0 (14)

Further, the function f contains a simple pole lying out-
side the contour c. Thus by Cauchy’s residue theorem we
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have

/%d&—i—?m’ (residue at the pole A\j=—1/a)=
c 1

/ p1(>\1)
Cooi|A1|=R,R—00 A1 —

Now since the right-hand side of (15) vanishes, we find
from equation (13),

I 1/)1\)10\1)

—2mi (residue at \}) = —27i(a)™ .

o (15)

A\ =
(16)

Similarly the Ay integration is then carried out follow-
ing the same technique since the corresponding function f
for A, satisfies the same condition as in equation (14). The
final result of A;, Ay integrations in equation (12), the in-
tegrand of which contains (n + 1)th-order poles in A; and
A2, is obtained by performing nth-order differentiations of
the integrated results of the basic A\; and As integrals (e.g.
I in equation (16), for ;) with respect to « and 3, respec-
tively. The final expressions for A\; and Ay integrations in
equation (12) are given by

/.

and

B (—Ag)im—1 omi .
[ Erre = [, butre = Samns
a7)

271

AP (=Ap) "= ) i —n
( 1) F(_“71)”a i ,

et = [ fuan =

Cc1

Thus in view of equations (12, 17) and (11b) we arrive at
the following expression:

[e%} 1 B KU —ni
10:_47r2/ = {Z] E] S Py (—ims, ims, 1, 2)de, (18)
0

where 2/ =1 — B_C and 2F1 denotes the hypergeometric
function with argument 2’. We are thus finally left with
the x integral which has been evaluated numerically by
using Gaussian quadrature method. The actual integrals
occurring from the expression of Ti¢ in equation (2) are
then derived from Iy by parametric differentiations.

3 Results and discussions

The Ps formation cross-section results, both differential
and total have been computed for the process et +
He(1s) — (eTe)(1s,2s,2p) + He™ (1s) in the framework
of eikonal approximation.

Figures 1-3 exhibit the present differential cross-
sections in the ground and excited (2s,2p) states at in-
cident positron energies 75 eV, 100 eV and 500 eV, re-
spectively. The differential cross-section at energy 75 eV
(Fig. 1) shows a sharp minimum at the angle ~ 30° for the
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Fig. 1. Differential cross-sections (1s, 2s, 2p) (in a3 -Sr~!) for
positronium formation in positron-helium atom collisions for
incident energy E = 75 eV, solid line for 1s, dashed line for 2s
and long-dashed line for 2p states.

1s and 2s states, while for the 2p states the curve falls al-
most monotonically as the angle increases except for a dip
occurring at an angle < 30°. With increasing energy the
minima for the 1s, 2s as well as the kink for the 2p curves
shift towards smaller angles (see Figs. 2 and 3). Further,
a secondary minima starts appearing with increasing inci-
dent energy (e.g., 500 eV, 10000 eV, in Figs. 3 and 4) and
gets more and more pronounced with increasing energy
(see Fig. 4 for 10000 eV). Figure 4 shows the prominent
occurrence of these two minima for both 1s and 2s states.

The occurence of the first minimum in the 1s and 2s
differential curves may be ascribed to the fact that the
contributions from the attractive and the repulsive parts
of the interaction potential to the scattering amplitude
interfere destructively at this angle. Since with increasing
energy both the amplitudes for attractive and repulsive
parts become more and more peaked in the forward direc-
tion, the position of the minimum (due to the destructive
interference between the two) shifts towards smaller angles
as the energy increases. The minima for the m-degenerate
states occur at different scattering angles and, as a re-
sult, the total differential cross-sections for the 2p state
do not exhibit such a minimum [30]. The appearance of
the secondary minima at higher incident energies (e.g.,
Fig. 4) for the 1s and 2s differential and the single min-
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Fig. 2. Same as Figure 1 but with incident energy £ = 100eV.

imum for the 2p differential curves may be attributed to
the second-order effect. It should be pointed out here that
no such secondary minimum occurs in the FBA results
even at very high energy (e.g., 10000 eV). We have also
computed the present differential cross-sections at some
extreme high energy (~ 50 keV) (not shown in the figure)
and have noted that no other minimum appears in the
differential curves.

Figure 5 displays the partial total cross-sections (TCS)
for capture into 1s, 2s and 2p states for the incident en-
ergy range 50-250 eV. Since the present approximation is
basically a high-energy one, results below 50 eV are not
expected to be very meaningful. As noted from Figure 5,
the magnitude of the TCS is in decreasing order for 1s, 2s
and 2p states for a particular incident energy and the TCS
curve for all the states falls monotonically with increasing
energy, as expected.

Figure 6 compares the present TCS with some avail-
able experimental data [4,5,8,9] due to different groups
as well as with some other theoretical results [11-16]. Al-
though Figure 6 displays the total Ps formation cross-
sections throughout the energy range (0-250 eV), compar-
ison of the present results with experiments and theories
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Fig. 3. Same as Figure 1 but with incident energy E = 500 €V.

will be made only in the intermediate- and high-energy
region since the present model is based on high-energy
approximation.

It is evident from Figure 6 (as also mentioned in the
Introduction) that the experimental data obtained by the
different groups do not agree with each other throughout
the energy region. However, as may be noted from Fig-
ure 6, the present TCS result agrees most with one of
the most current experimental data of Overton et al. [5].
The present TCS curve lies always below the measure-
ments [5] except at low energies where the present model
is not supposed to be very reliable. At intermediate- and
high-energy region the underestimation of the present re-
sults as compared to the experiment [5] appears to be
legitimate since the measurement includes the contribu-
tions for capture to all possible excited states whereas the
present results represent only the o = 1s+ 2s+ 2p results.

As for the comparison with some other theoretical
results in Figure 6, it may be noted that the present
ops(ls + 2s + 2p) are in reasonably good agreement with
the close coupling results of Hewitt et al. [11] at and above
100 eV. Below 100 eV (80-30 eV) the present 1ls results
overestimate, while the 2p results underestimate the re-
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Fig. 4. Same as Figure 1 but with incident energy £ = 10000
eV, and 2p results are multiplied by a factor of 100.

sults of Hewitt et al. (see Table 2 in Ref. [11]). In contrast,
for the 2s state, the two results agree well throughout the
energy range. However, the agreement of the present re-
sults with the close coupling (cc) results of Chaudhuri
and Adhikari [13] is not so good except at very high ener-
gies (200 eV and above). The summed Ps formation result
ops(ls + 2s + 2p) of Chaudhuri and Adhikari [13] lies al-
ways above the corresponding present result above 100 eV,
till it converges to the latter at about 250 eV. It may also
be noted from Figure 6 that the present results also agree
well with the coupled static approximation (CSA) results
of McAlinden and Walters [12], particularly in the high-
energy region (above 100 eV), although the latter always
lies below the former one. This might be due to the fact
that the CSA results [12] correspond to Ps formation in
the gronud (1s) state only while the present results corre-
spond to (1s + 2s + 2p) state.

Regarding the agreement of the other theoretical re-
sults with the measurements, it may be noted from Fig-
ure 6 that almost all the theoretical results (except [15,
16]) are more or less in reasonable agreement with the
most current experimental data [5] in the high-energy
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formation in positron-helium atom collision of 1s, 2s and 2p
for the energy range from 50 eV to 250 eV, solide line for 1s,
dashed line for 2s and long-dashed line for 2p. Here 1s results
divided by a factor of 5.
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Fig. 6. Total cross-sections (in 107'® c¢m ?) for positron-
ium formation in positron-helium atom collisions. Solid line:
present calculation; close circles: experimental results of Over-
ton et al. (1993); close triangles: measurement of Fromme et
al. (1986); open circles: Fornari et al. (1983) and Diana et al.
(1986); dashed line: coupled static approximation, McAlinden
and Walters (1992); long-dashed line: close coupling approxi-
mation, Hewitt et al. (1991); long-dashed-dot line: Deb et al.
(1990); dashed-dot line: Khan et al. (1985); open squares: cal-
culation of McDowell and Peach as reported by Formme et al.
(1986); double-dotted-dashed line: Chaudhuri et al. (1998).

regime (~ 100 eV onwards). Further, Figure 6 also re-
veals that the theoretical cross-sections do not show any
oscillatory structure in the high-energy region as in the
measurements of Diana et al. [8]. Thus the theoretical re-
sults corroborate the findings of the other two measure-
ments [4,5] in this respect. In the high-energy regime, the
measurements of Fromme et al. [4] and Diana et al. [§]
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are well above the theories (except the two results [15,
16] based on high-energy approximations). However, in
the low-energy region the theoretical results of McAlinden
and Walters [12] and the distorted wave approximation
(DWA) results of Khan et al. [14] are in close agreement
with the measurements of Diana et al., Fornari et al. [8,9]
although the positions of the low-energy peak are slightly
shifted. It may further be noted from Figure 6 that in
both the close coupling results [11,13], particularly the
latter one, the magnitude of the low-energy peak is well
below the experiments [5,8,9]. Figure 6 also includes two
other theoretical results based on high-energy approxima-
tions. The TCDW1 results of Deb et al. [16] are quite far
from the present results throughout the energy range con-
sidered. In fact the TCDWT1 results agree only with the
measurement of Fromme et al. [4] and that is also only at
high incident energies (i.e. from 200 to 300 eV). Regard-
ing the other theoretical results [15] displayed in Figure 6,
the present TCS curve crosses that due to McDowell and
Peach [15] only at a particular incident energy while be-
low and above the crossing their results are always higher
than the present ones. The discrepancy increases with in-
creasing incident energy. However, the results of McDowell
and Peach agree well with the measurements of Fromme et
al. [4] at intermediate energies (< 200 eV), while they are
quite apart from the measurements of Overton et al. [5]
in the energy range ~ 90-160 eV.

Table 1 displays the present partial cross-section values
for the 1s, 2s and 2p states for various incident energies
along with the corresponding Born results.

It is evident from Table 1 that, at energies below 80
eV, the present 1s and 2s results always overestimate the
First Born Approximation. But above 80 eV, the eikonal
results approach the corresponding FBA results, coincide
at a particular energy depending on the state to which the
capture is taking place, and then continue to lie much be-
low the Born approximation results throughout the energy
region. In contrast, for the 2p state, the energy is 50 eV
below which the present results overestimate the FBA val-
ues. Further, for the 2p state the discrepancy between the
FBA and the eikonal results is much higher than for the
1s and 2s states for energies above 80 eV. In fact, the per-
centage of discrepancy (for the case of 2p state) increases
with increasing incident energy.

It is also apparent from Table 1 that the present (n=2)
level capture cross-sections (025 + 02p) are always higher
than the corresponding FBA values below 80 eV, while
from 80 eV onwards, they always lie below the FBA values.
This feature is also maintained in the behaviour of the
total (015 + 025 + 02p) Ps formation cross-sections in the
present approximation, but at a different energy (e.g., >
90 eV).

It may further be inferred from Table 1 that the
present Ps formation cross-sections (1s, 2s, 2p) do not
converge to the corresponding FBA results even at an en-
ergy as high as 10000 eV. This may be attributed to the
fact that for very high incident energies, the FBA model
is not adequate for a rearrangement collision process; the
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Table 1. Ps formation cross-sections for the process e™ 4 He(1s) — (e*e)(1s + 2s 4 2p) 4 He™ (in units of wag). The numbers
in square brackets indicate the power of 10 by which the entry is to be multiplied (pr: present work).

eV | FAB pr (1s —1s) | FAB pr (1s —2s) | FAB pr (1s — 2p) | pr (1s+ 2s+ 2p)
30 | 1.54 1.69 116[—1]  1.04[—1] 2.92[-2]  4.20]-2 1.84
40 | 1.18 1.31 115[-1]  1.20[—1] 2.66[-2] 3.18]-2 1.46
50 | 8.40[—1]  9.10[—1] 9.24[-1] 9.71]-2] 211[-2]  2.26[-2 1.03[—1]
60 | 5.86[-1]  6.30[1] 6.69[-2]  7.25[2] 1.56[-2]  1.55[-2 7.18 1]
70 | 4.14[-1]  4.30[—1] 514[-2]  5.28 2] 112[-2]  1.06[-2] 4.93[—1]
80 | 2.97[-1]  3.04[-1] 379[-2]  3.83[2] 7.97[-3]  7.23[-3] 3.49[—1]
100 | 1.60[—1]  1.60[—1] 210[-2]  2.06[—2] 409[-3]  3.49[-3] 1.84[—1]
125 | 8.03[~2]  7.64[-2 1.07[-2]  1.02[-2] 1.87[-3]  1.52[-3] 8.81[—2]
150 | 4.35[—2]  4.10[-2] 585[-3]  5.38]-3] 9.22[-4]  7.18]4] 4.62[-2]
175 | 250[=2]  2.25[-2] 3.38(—3]  3.03[-3 4.83[—4]  3.64[—4 2.59 [—2)]
200 | 1.52[—2]  1.33[-2] 2.05[—3]  1.79[-3] 2.68[—4]  1.97[—4] 1.53[—2]
300 | 2.95[-3]  2.42[-3] 3.95[-4]  3.24[4] 3.82[—5]  2.60[-5] 2.77[~3]
400 | 8.40[—4]  6.60[—4] 1L11[—4]  8.77[-5] 8.49[—6]  5.52[—6] 7.53[—4]
500 | 3.02[—4]  2.30[—4] 3.98[=5]  3.04[—5] 249[-6]  1.57[—6] 2.62 [—4]
700 | 6.05[—5]  4.41[—5] 7.89[—6]  5.77[—6] 3.62[-7  2.17[-7] 5.01 [—5]
1000 | 1.02[-5]  7.10[—6] 1.32[-6]  9.22[-7] 426[-8]  2.44]-8] 8.05 [—6]
2000 | 2.65[-7]  1.72[-7] 3.37[-8]  2.21[-§] 5.30[—10] 2.85[—10] | 1.94[—7]
3000 | 2.86[—8]  1.80[—8§] 3.62[-9]  2.30[-9 3.67[-11] 1.93[-11] | 2.03[-§]
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